ENRICHED RIEMANN SPHERE, MORSE STABILITY 
AND EQUI-SINGULARITY IN 2 



TZEE-CHAR KUO AND LAURENTIU PAUNESCU 

Abstract. The Enriched Riemann Sphere CP* is CP 1 plus a set of infinitesimals, having 
the Newton-Puiseux field F as coordinates. Complex Analysis is extended to the ¥- Analysis 
[Newton-Puiseux Analysis). The classical Morse Stability Theorem is also extended; the 
stability idea is used to formulate an equi- singular deformation theorem in C{x,y}(= O-i). 



A general principle we believe in is that the study of convergent power series in n + 1 
variables is Global Analysis of polynomials in n variables. 

In this paper this is illustrated in the case n = 1. Loosely speaking, the classical Morse 
Stability Theorem, properly reformulated in §101 an d the stability notion are "transplanted" 
into Algebraic Curves, then applied to the classification problem of singularities. 

In the Riemann sphere CP 1 is "enriched" to CP} with "infinitesimals", which are 
irreducible curve-germs, and C to C*. The Newton-Puiseux field F of convergent fractional 
power series is used as coordinates, in terms of which several structures are defined. 

In §2], the Cauchy Integral Theorem, Taylor expansions, critical points, stability, etc., are 
generalized to F, as is the classical Morse Stability Theorem. 

The notion of Morse stability for polynomials over F suggests a stronger definition for 
" equi- singular deformation" in C 2 (Compare [25]). 
For example, in contemporary Algebraic Geometry, both deformations 

Q(x, y, t) := x 4 - t 2 x 2 y 2 + y\ P(x, y, t) := x 3 - y 4 - 3t 2 xy 2d , d > 2, (0.1) 

are regarded as equi-singular: the zero sets are topologically trivial (Milnor //-constant). 

As we shall see, however, Q is not equi-singular from our viewpoint. The hypothesis of the 
Equi-singular Deformation Theorem in §3] is not satisfied. The associated family £ 4 — t 2 ^ 2 + 1 
is not Morse stable (£ = splits into three critical points when t ^ 0). 

On the other hand, P, the Pham family (|20j). is equi-singular in the sense of Defini- 
tion ^. 7[ although the "polar" P x splits into x ± ty d . This is explained in Attention l8.2l and 
Example l2.8l The associated family £ 3 — 1, being independent of t, is obviously Morse stable 
in the sense of Definition 15.41 Our Equi-singular Deformation Theorem applies. 
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When does a given family F(x,y,t), like Q, P above, admit a trivialization, and of what 
kind? An answer is given in the Equi-singular Deformation Theorem in §31 using the notion 
of Morse stability. (Similar results over R were announced in |15j.) 

The Truncation Theorem at the end of §3] asserts that f(x,y) can be equi- singularly 
deformed into its "Puiseux root truncation" f r0 ot(x,y). (We do not assume is an isolated 
singularity.) This theorem is closely related to results on sufficiency of jets, like Morse 
Lemma, [I], [2], [5], [8], [11], [12], [18], [19], etc.. Compare also the classical book [9]. 

1. The Enriched Riemann Sphere 

Take a holomorphic map-germ A : (C, 0) — > (C 2 ,0), A(z) ^ if z ^ 0. The image set- 
germ, Im(A), or the geometric locus of A, has a well-defined tangent line T(A) at 0. We 
call Im(A) an infinitesimal at T(A) G CP 1 . The set of infinitesimals is denoted by CP}. 

The geometric locus of z > (az, bz) is identified with [a : b] G CP 1 , hence CP 1 C CP,, 1 . 

For instance, the curve-germ x 2 — y 3 = 0, being the geometric locus of z i— > (z 3 , z 2 ), is an 
infinitesimal at [0 : 1]. It is "closer" to [0 : 1] than any [a : 1] is, a ^ 0, in the sense that its 
contact order (defined below) with x = is higher than that between x = ay and x — 0. 

As in Projective Geometry, CP} is the union CP^ 1 = C* U C^, where 

C* := {Im(A) | T{A) ± [1 : 0]}, C, := {Im(A) \ T{A) ± [0 : 1]}. 

The classical Newton-Puiseux Theorem asserts that the field F of convergent fractional 
power series in an indeterminate y is algebraically closed. ([6], [10], [21], [22], [23].) 
Recall that a non-zero element of F is a (finite or infinite) convergent series 

a : a(y) = a y no/N + ■■■ + a iV ^ N + • • • , n < m < • • • , (1.1) 

where N G Z + , Hi G Z, ^ aj G C. The order of a is C\(a) := n /N, O y (0) := +oo. 

We can assume GCD(N,no,ni, ...) = 1. In this paper we call m pu i S (a) := iV the Puiseux 
multiplicity of a (for clarity). The conjugates of a are 

«S^(y):=E a * £, * Bi f Bl/ ^ 0<fc<iV-l, :=< ?*V=T/». 

The following D is an integral domain with quotient field F and ideals M, Mi: 

D:= {a G F | O y (a) > 0}, M:= {a | O v (a) > 0}, M x := {a | O y (a) > 1}. 

Define |a| := ^ 2 _ni / 7V |aj|(l + |aj|) _1 . Then d(a, j3) := \a — (5\ is a metric on D. If we fix 
iV, then linim^oo ^ ai(m)y ni ^ N = iff each cij(m) — > (point-wise convergence). 

Given a G M 1; let *4(z) := (a(z iV ), 2^). We then define a* : = 7r*(a) := Im(A), and use 
7r* : Mi — > C*, a many-to-one surjective mapping, as a coordinate system on C*. 

A coordinate system on is 7T* : Mi — > C*, a* := 7i^(a) := Im(A), A(z) := (z^, a^z^)). 

We furnish C* (resp. C^) with the quotient topology of 7r* (resp. tt^). As for the transition 
function in the overlap C* PI C*, take x = a(y), no/N = 1, we then "solve y in terms of x" , 
obtaining y = (3{x) := b$x + bix ril ^ N + ■ ■ • , where a b = 1, each 6j is a polynomial in finitely 
many of (^/ao) -1 , oi/aoj a 2/«o, •••• Hence the topologies coincide in C* n C'„. 

T/ie quotient topology on CP} is well-defined. 
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Let X, Y C R n be germs of sub-analytic sets at 0, X n Y = {0}, I / {0} ^ Y. Define 
the contact order C or d(X,Y) to be the smallest number L (the Lojasiewicz exponent) such 
that d(x,y) > a\\(x, y)\\ L , where x E X, y E Y, \\x\\ = \\y\\, a > constant ([!]). 

In particular, for a*, /?* G CP^, C ar d(a*, AO is defined; C or d(a*, a*) : = oo. Thus, in C*, 

Card(a!„ = maxj{O y (a - (3 { £ nj )} = max feJ {C\(aSy - Pcolj)}- 
This is the contact order structure on <CP^. 

The Puiseux (characteristic) pairs of a ([21]), which describes the iterated torus knot of 
the curve-germ a*, is denoted by Xpuis( a ) or Xpuis(&*)- 

The Enriched Riemann Sphere is CP^ furnished with the above structures, C* is the 
enriched complex plane. (The Riemann- Zariski surface ([7], p. 272) is much larger than CP^. 
For example, x = y^ defines a point in the former, but not in the latter.) 

Convention 1.1. Throughout this paper, e > is a sufficiently small constant, 

I R ■= {t e R | |*| < e}, J c := {t G C | \t\ < e}, I ¥ := {t G D | \t\ < e}. 

We say ip(w) is rea/ analytic, w = u + y/^lv G C, if it is so as a function of (u, v) G M 2 . 
By "+ • ■ ■ " we mean ll plus higher order terms" . 

2. The F- Analysis (Newton-Puiseux Analysis) 

Given U C D, open, and <p : U — > F. We say is Puiseux-Lojasiewicz bounded if every 
a E U has a neighbourhood M(cn) with constants i^(oj), L(a) > 0, such that 

m p ^(0(O) < i^(«)m pMS (0, 0,(0(0) > -£(«), £ G JV(a). 
In i/izs paper we only study functions which are Puiseux-Lojasiewicz bounded. 
Definition 2.1. We say is differentiate at a. E U, with derivative <f/(ot) E F, if 
0'(a) = lim[0(a + 5) - <p(a)]/5 as 5 -> (5 G D). 
If 0'(t) = 0, 7 is a critical point, with multiplicity 

month) '■= max{fc|0 (i) (7) = 0, 1 < i < fc}. 
Cauchy's Theorem. If (fi'(a) exists at every a E U, then all derivatives 4>^ k \a) exist, 



i 



0(/iHu = O, 0«( a ) = — ^ dp, fc > 0, (2.1) 
*ec 27r v /= l Jzec - «) + 

where /i:= a + z5 ; 5 G D ; d/x: = 5<iz, C a sufficiently small contour around G C. 
Moreover, is ^-analytic in the sense that if a + z5 E U , \z\ < r , z E C, then 

4>(a + z6) = (f)(a) + --- + (l/k\)(f) ik \a)(z5) k + ■■■ , \z\<r, (2.2) 

where m puis ((f)( k \a)) < K(a), a constant. 
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From now on, we consider a given : Mi — ► M 1; which extends to a differential) le function 
U — > D. Taking a, 5 G Mi, £ := z5, we have the "Taylor expansion" of at a: 

0(« + O = £eMi, « fe :=(iA!)0W(a)e©. (2.3) 

In this paper we always assume is mini-regular in £, say of order m, i.e., 

O y {a m ) = 0, O y {a k ) + k>mforO<k<m-l. (2.4) 
Thus, by the Newton-Puiseux Theorem, has m roots in M 1; 

Z(0):={CGM 1 |0(C) = O}:={Ci,...,C4, ™ = ^ m *' (2.5) 
where mi\= m(Q) is the multiplicity of Of course has m — 1 critical points in Mi. 
Definition 2.2. In Mi, define fi ~^ v iff either /i = v or else 

O y (// - i/) > Oj,(/i - Ci) = O y (v - 0), 1 < i < d. 
The equivalence class of /i is denoted by The height of /x^, is 

/i(/i^) := m&x{O y (n - d) 1 1 < % < d}. 
The quotient space is Mi^:= Mi/~^, with the contact order structure: 

Cord(H<f>, V<t) ■= O y {\l - V) if H$ ^ V<j,; Cordiflj,, ^) : = oo. 

Let ^(y) denote fi(y) with terms y e deleted, e > h(fjL^)] ^(y) depends only on fi^ G Mi^. 
We call n^y) G Mi the canonical coordinate of G Mi^; fi^ and [i^iy) are often identified. 
The Puiseux pairs of G Mi^ is x P uis{^) ■= Xpuis{^{y))- 

Example 2.3. . Take 0(0 := £ 2 - 2y 3 , fx(y) := y 3 l 2 + y 7 ^. Then h(^) = 3/2, /^(y) = y 3 / 2 , 
X P uis(fJ>) = {3/2,7/4}, x P uis(fJ><j>) = {3/2}. (We also call ^(y) the ^-truncation of /%)•) 

The tree-model of defined in [13] is our Mi^ without the structures. See ^TTl 

Definition 2.4. In Mi ^ define 0, ~b ar ^ zff either 0, = r^, or else 

KU) = Hv<f>) = Cordis, 
An equivalence class is called a 6ar (as in [13J). The bar space is the quotient 

Ssp(Mi^) := Mi,^/~6ar- 

The bar containing 0> is denoted by -B(^), having height h(B(^)) := h(^)\ B h (cf>) denotes 
a bar of height /i. The Lojasiewicz exponent of at £, or at 0>> or on -B(O0> is 

L^(0 := m) := L(B(^)) := 0,(0(0). (2.6) 

That (12.61) is well-defined is an easy consequence of the following: 

0(0 = unit ■ Y[(t - 0) m % 0,(0(0) = m * °v(t - 

An important special case is V:= Mi^ when = id : £ h- > £. Here Z(i<i) = {0}. 
We call V the value space, and 0y:= Oid the "zero" element. 
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If n(y) = uy h + •••,« ^ 0, then /i^ is completely determined by the pair (u, h). Hence, if 
h < oo, there is a unique bar of height h, B h {id) — {(u, h) \ u ^ 0}; this is a copy of C — {0}. 
For h = oo, we have a singleton B^id) = {0y}. 

Definition 2.5. The valuation function, val, also written as val^ for clarity, is 

uaZ := i>a^ : Mi^ — >■ V, val(^) := val^^) := 0(£)id- 

If 0'(7) = 0, 7 G 7^, 70 is a critical point of na/^,. The multiplicity, m^^), is the total 
number of such 767^. 

The subspace Cival^) of critical points is displayed as 

C{val<i>) := {71,0, 7 P ,4, ^ fricritili^) = m - 1. (2.7) 

Example. Take 0(0 = £ 4 (£ - n) 5 , e ^ 0, /i > 1. Then val (f) {ey h + •••) = {~e 4 Ah + 5), 
val^il + e)y + ■■■) = (e 5 (l + e)\ 9), val^O) = val^y) = V . 

Definition 2.6. Let be as in (JO]), (T23D- Take 

$(£, *) := ^ e F{e, 0, 0) = 0(0- 

We call $(£,£) := 0t(£) an ^-analytic deformation of 0. 
In t/iis paper, we always assume Ai(t) G B{£}, and $ zs mini-regular: 

O y (Ai(t)) + i > m, 0<i<m. 

In Mi x If, define (fJL,t) ~$ (v, t') iff t — t! , /i^ t = u^. 

The quotient space is Mi x$ /{•:= Mi x If/~$, with valuation function 

na/$ : Mi x $ J F — V, (f 0t ,t) i-> 
The subspace of critical points is 

C(val$):= {(70t>*) G Mi x$ J F |7 0t G C(t>a^ t )}. 
The 6ar space 5sp(Mi x$ If) is similarly defined. 
Definition 2.7. We say $ is almost Morse stable if there exists a homeomorphism 

r : C{val^) X I F -»• C(uai$), (7^, t) (77(7^), t), (2.8) 

where L (77(74,)) = L(j^). 

We say $ is Morse stable if, in addition, the following holds. 

Given 7^, 7^ G C{val^). If £(70) = 5(7'^) and val^j^,) = val^i^), then 

f<(r t (7*)) = m^(r t ( 7 ;)), £(77(7^)) = ^(V^))- (2-9) 

Example 2.8. For P(x,y,t) in (10. II) . := £ 3 — 3t 2 y 2d ^ — y 4 , val^ t has a unique critical 

point 7^ = in Mi ^ t , m crit {pi^ = 2. With 77 = id, $ is Morse stable. 

Attention: <f> t has two critical points £ = ±ty d in Mi, 6wt na/^ aas on/y one in M^. 

On the other hand, \l/(£, t) := £ 3 + ty 3 — y 4 is not almost Morse stable. 
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Let V x Loj Bsp(M lj( j ) ) := {{v,B) \ v G V, L(v) = L(B)} C V x Bsp(M 1 ,(p). We may call 
this a "Lojasiewicz fiber product". Define V XLoj Bsp(Mi x^, I v ) similarly. 

The Morse Stability Theorem (Over F). Suppose $ is Morse stable. Then there exist 
t-level preserving homeomorphisms (deformations) T><$,, T>y such that the diagram 



Val^ 

x I v ► V x Loj Bsp(Mij) x J F 

Val® 

Mi x$ I ¥ > V x Loj 5sp(Mi x$ J F ) 

commutative, where 

Val^,(^,t):= (voZ^(^),B(^),t), 7oZ*(^,t):= (vaZ^(^), S(^),t). 
T7ie structures are preserved. That is, i/P$(^,t):= (ji^t), p^ £ Mi^ t; i/ien 

and i/ we u>n£e T>v{v,B,t):= {y t ,B t ,t), then L(v t ) = L{v), h(B t ) = h(B). 

3. The Equi-singular Deformation Theorem 

A rea/ analytic map-germ p : ([0, oo),0) — > (C 2 ,0) is called an analytic arc Q17J); we call 
the image set-germ, Im(p), a geo-arc. The complexification of p is p c (z) := p(z), zGC. 
Given fc G Z+, define p( fc )(s):= p(s fc ). Of course, Im(p^) = Jm(p), the same geo-arc. 
Let f(x,y) G C{x, ?/} be given, mini-regular in x of order m, i.e., 

/0,y) = H m (x,y) + H m+1 (x, y) + --- , # m (l,0) ^0. 
Let 0(£) := f(£,y)- In C#, define a* ~/ /3* i/f either a* = or else 

C or d(a*,/3*) > C ord (a*,C*) = Cord(&> CO VC G Z(<p). 
The equivalence class of a* is denoted by a*//. (If ( G Z(0), C*// := {C*}-) 
Call at<fr(y), and any one of the conjugates c$ con j(y), a canonical coordinate of a*//. 
We say a*//, /3*// are bar equivalent: a*// ~ bar /3*//, if they have canonical coordinates 
a^, /3<f, respectively, such that ~b ar (3^. 

Example 3.1. Take f(x, y) := x 2 — 2y 3 . The curve-germs x 2 — y 3 = and (x 2 — y 3 ) 2 — xy 5 = 
are ~j equivalent, hence define a same point in C*/j, with canonical coordinates ±w 3 / 2 . 

Definition 3.2. The valuation function on the quotient space C*/j := C*/~/ is 

v 

vaJ.// : C*// -> V z , a*// ^ [II ^( a 2««j(f))]«> "V^O^X 

k=l 

where Vz'-= {0v} U {(u, h)\u 0, /i G Z + }, a subspace of V. 

If 0'(7) = 0,7 6 Mi, 7*// is called a critical point of val*/f, the multiplicity, m cr j t (7*/j), 
is the total number of p G Mi, counting multiplicities, such that ^(/-O = 0, p*// = 7*//. 

The subspace of critical points of val*/f is denoted by C(val*/f). 
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In <C*/f, define height by h(a*/f) := h(a ( f ) ), and contact order by 

Cord(®*/f, f3*/f) ■= C ord (a* } /3*) if a*/f ^ /3*//; C ord (a*/f, a;*//) := oo. 



The Puiseux pairs are Xpms ("*//) : = Xpms (a^) • 

Let F(x,y,t) := F t (x,y) := J2i+j>m c ij(^) x% y : ' e C{x, y,t} be a given deformation of 
/(x,y), i.e., F {x,y) = f(x,y),F t (0,6) = 0. In C* x 7 C define (a„t) ~ F (&,*') i/J t = f 
and a*/F t = /3*/F t - The quotient space is C* x F Ic'-= C* x Jc/~f- 

The Equi-singular Deformation Theorem. Suppose the deformation t) := -F(£, y, t) 
is almost Morse stable. Then there exists a t-level preserving homeomorphism 

H:(C 2 x 7 C ,0 x J c ) -> (C 2 x/ C) 0x J c ), ((z,y),t) ^ (H t (x,y),t), (3.1) 

which is real bi-analytic outside {0} x Jc. The following hold. 

(1) F(H t (x,y),t) = f(x,y), t G Jc? i-e., F(x,y,t) is "trivialized" by H. 

(2) T/iere exzsfo c> 0, c < ||i/t(z,y)||/||(z,y)|| < 1/c, * G J c . 

(3) If p(s) is an analytic arc, then H t (p^ k \s)) is real analytic in (s,t) (called a "geo-arc 
wing") for some k G Z + . In particular, H t is geo-arc analytic in the sense that it 
carries geo-arcs to geo-arcs. 

(4) Take a*/f G C*// ; and any p such that Im(p c ) G a*//- The geo-arc Im(H t o p) is 
contained in a unique curve-germ, say 5* G C*. Then := 5*/Ft is independent 
of the choice of p. Hence r] t : C*/j — > C*/^ is well-defined, 



is a homeomorphism, preserving height, contact order, and Puiseux pairs. 
(5) Ifj*/f G C(vah/ f ) thenr) t (j*/f) G C(vaU /Ft ), m crit (^ /f ) = m crit (r] t (^/ f )). 

Assume is Morse stable. Take 7*//, G C{val*/f), 7*// ~f> ar 7*/j- TTien 

uai*//(7*//) = v<d*/ fir/*/ f) implies val* /Ft (r]t{j*/f)) = vah /Ft (r] t (^ /f )), (3.3) 

w/iere ^(7*//) ~6ar Vt(li/ f )- 

Now let us consider f(x,y), Z (</>):= {(i,---,(d} as in (12.51) . mj:= m(£i), 



77* : C* /f x J c -> C* x F J c , («*//'*) ^ (Vt(^/ f ),t), 



(3.2) 



f (x, y) = ufo y) • J](a; - Ci(y)) w % u(0, 0) ^ 0. 



i=l 



Let e«:= max J y i {0 ?/ (Ci — Cj)}- Let £j(y) denote d(y) with all terms y e deleted, e > e.;. 



Definition 3.3. The Puiseux root truncation of f(x,y) is, by definition, 




Let Ri(y) := Ci(y) — d{y) (the remainder). Take u(x,y,t) (a deformation of unit), 
w(0,0,t)^0, u(x,y,0) = u(x,y), u(x,y,l) = l. 
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The Puiseux root deformation of f(x,y) is, by definition, 

F root (x, y, t) := u(x, y, t) ■ if [x - &(y) + tR^y)]^ G C{x, y, t}. 

- lj -i=i 

Note that f TOO t{x,y) G C{x, y}, since it is invariant under the conjugations; if d > 1 then 
froot{x, y) is a polynomial. The following theorem is proved at the end of §91 

The Truncation Theorem. The Puiseux root deformation F root (x,y,t) is Morse stable. 
In particular, f(x,y) and f root (x,y) are geo-arc analytically equivalent. 

Example 3.4. For a weighted expansion f(x,y) := Wd(x, y) + • • • , if Wd is non-degenerate 
then froot(x,y) = Wd(x, y), f(x,y) is geo-arc analytically equivalent to its initial form. 

Next, g(x, y) := (x 2 — y A ) 2 — y 10 + ■ ■ ■ has Puiseux roots x = ±y 2 ± + ■ • ■ , 

groot(x, y) = (x 2 - y 4 ) 2 - \y\x - y 2 ) 2 + (x + y 2 ) 2 } + ±y 12 . 
Note that g r0 ot(x,y) is not obtained by deleting certain terms of g(x,y). 

Remark 3.5. We call a*/f an " f '-blurred" infinitesimal: Points of C* equivalent under ~j 
are no longer distinguishable - "/-blurred" . The notion of blurring plays a vital role in this 
paper. For example, the Pham deformations 

Peven(x, y, t) = x 3 - y 4 + 3txy 2d , P odd (x, y, t)=x 3 -y 4 + 3txy 2d+ \ 

where d > 2, are regarded by some experts as substantially different, since the polars are 
very different when t ^ 0. To us, however, there is only one critical point - a ^blurred polar" 
- in either case, of multiplicity 2. (Compare Attention l8.2l) . The above theorem applies. 

Remark 3.6. The above (13.31) says that the family {val*/p t } on the spaces {C*/^} is Morse 
stable, the deformation of the critical points being given by rjt- Hence, as in the classical 
case, we can construct a trivialization of the family, like (D t ,dt), in § [T0l 

However, we are not saying that this trivialization coincides with 77*. We believe it would 
be too good (too strong) for this to be true. 

4. Proof Of Cauchy's Theorem 
Let 5 G © be given, and fixed. As is Puiseux-Lojasiewicz bounded, we can write 

y^ia + z5) = Y, c s> i(z)y ni/K , < K < n < ■ ■ ■ , 

i=0 

where L, K are constants, \z\ sufficiently small. 

Take an increment Az and compute the derivative. We find 

y L <P\a + z5) = -Y,^My ndK - 
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In particular, d Si {z) exists, Cg t i(z) is holomorphic, 

2nV^l J zeC z J Z(LC 

where fi:= a + zS. Then, as in Complex Analysis, (12.11) follows. 

Next we show (12.21) . Take 5 = 1 in (14.11) . and then set z = 0. We have 

!/V(a + *) =J2 c '^y ni/K > C U°) = r'sM 
Applying the same argument to higher derivatives, we have 

cS(0)=5- fc cg } (0), k>l. 

Hence, 

i k k 

Take 5 = y h , h £ Q + . If m pttis (0( fc )(a:)) were unbounded, then m pu j S (0(a + cy h )) = oo for 
generic c, a contradiction. This completes the proof. 

Corollary 4.1. Suppose <p : U — > D ¥ -analytic, E U, 0(0) = 0. Tnen tnere exzsi a 
holomorphic germ f(x,y) and N E Z + suc/i i/iat 0(£) = f{i,y l ^ N ), £ G M. 

Proo/. Take a = 0, 5:= sup k {m puis (^ k \0))} , iV:= 5!. All 0W(O)(y iV ) in (Q are integral 
power series of y, f(x,y):— ^2(l/k\)(j)( k \0)(y N )x k is holomorphic 0, /(0, 0) = 0. □ 

5. Newton Polygon At An Infinitesimal 

Given and a. For a term ^ in (12. 3p . plot a "Newton dot" at (k,q) in the (it, v)- 
plane, q:= O y (a>k). Consider the convex hull generated by {(a^ +u, bi + v) \ u, v > 0}, (a,, 6j) 
the Newton dots. The boundary MV '(0, a) is i/ie Newton Polygon of at a. (See [14].) 

In the case 0(£, y) := /(£ , y), /(a;, y) G C{a;, y}, we clearly have A/"'P(0, a) = A/"P(0, a^.). 
Hence A>(0, a,) := A/"P(0, 

a Lij) i s well-defined. This is the Newton Polygon o/0 at a*. 

Consider J\fV(<f), a). The edges and angles are Ei := Eiipt), 9i := 6^, respectively, < 0j, 
< i < /. The first edge £o is horizontal, the last edge E\ is vertical. Denote the right 
vertex of Ei by Vf.= (mj,^), and the straight line prolonging i% by C(Ei). 

The vertical edge £7 is not important. We call E top := E\^\ the top Newton edge. The left 
vertex of Ei_ x is {m h qi), which is the last, and the highest, vertex of J\fV(<p, a). 

Take E^ i < I — 1. A dot (k, q) G i2j represents a term Cky q ^ k of (12. 3p . Let 

sum taken over (k,q) e £j. We call Pe^z) the associated polynomial of 
The height, or co- slope, of i% is 

h(Ei):= tan Si, < i < Z - 1; Zi(^) := tan 0, = oo. (5.1) 
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The Lojasiewicz exponent on Ei is 

L(Ei) := qi + m^tan^, < z < I — 1; L{E{) := oo. 
Example 5.1. (Fig.1,2) Take a = 0. For ^(f) := £ 3 + 2y£ 2 + y 4 , tan0 x = 1, tan# top = 3/2, 



= z 3 + 2^ 2 , P, 



topi 



2z 2 + 1. For 2 (O := £ 3 + 2y£ 2 , Pop W = z 3 + 2z 2 , E 2 = E h 



P 3 








sP 2 












1-4 

















Ei 












Eq 



Figure 1. A/"P(0i,O) 



Figure 2. WP(0 2 ,O) 



Notation 5.2. Suppose AfV((p,a), NV(4>,($) have a common edge E^a) = Ek(ft). 

We write Ek(a) = Ek{(3) if they have the same Newton dots, each represents a same 
monomial term of <fi. We write AfV(4>, a) = AfV(<f), f3) if this is true for every edge. 

Observe that if a ^ Z(<ft), then mi = 0, and 

= max{0(a - Q)}, & e Z (</>). 

If a ~^ /3, then 0(a — (3) > h(Ei_i), and hence J\fV(<fi,a) = AfV(4>, (3). Thus, PEi( a<t> )( z )j 
A/"P(0, a^), Ei(a^), etc., are all well-defined (independent of the choice of a G a^). 
(Similarly, AfV(f, a*//) := AfV(4>, a^) is also well-defined.) 

Theorem 5.3. Take an edge Ei of J\fV{4>, a^), 1 < i < I — 1. Ta&e a critical point c of 
the associated polynomial Pe^z), with multiplicity m cr i t (c). Then there are exactly m cr i t (c) 
critical points of <fi in M 1; counting multiplicities, of the form 

Kv) = ®<t>(y) + [cy tandl + ■■■}, (5.2) 

where is a^y) with all terms y e (if any) deleted, e > tan 6^. 

Take e Cival^), jj,^ ^ a^. There exist a unique Ei and a unique critical point c^O 0/ 
Pe^z) such that fj,(y) has the form \5.2\) . 

According to Convent ionfTTTJ we can also write (15. 2p as 



Kv) = a Ay) + [°y 



tan f 



+ ■ 



Theorem 15.31 is known ([13J, see also [E]). We use it several times in this paper. 
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The Fundamental Lemma. Suppose $ is almost Morse stable. Then 

where 7^ G C{val^) with deformation ^(7^,) G C{val^ t ), as in A2.8\) . 

The canonical coordinate 74(70) (y) °f ' T t(l<t>) ^ s an ^-analytic function oft G If. For each 
Ei, i < I — 1, the family {PE i (n{'yd,)){ z )} ^ s almost Morse stable, as defined below. 

Moreover, if $ is Morse stable, then so is the family {-P^fafrd))^)}- 

Definition 5.4. Given a polynomial p(z) and a deformation 

p t (x) := a (t)x n H h a n (t) G K{t}[z], po(z) = p(«), a(t) ^ 0, 

where K:= R, C, or F, t G 7 K . 

A critical point Cq G K of poO^) is stable if it admits a continuous deformation q eK such 
that p' t (c t ) = and m crit (c t ) = m crit (c ). (The deformation is then necessarily unique.) 

Consider the following conditions (where (3) is for Algebraic Geometry): 

(1) Every critical point of po{x) is stable. 

(2) If Co, c' are critical points of po(x) and po(co) = Po(c' ), then pt(c t ) = Pt(c' t ). 

(3) If Po( c o) — Po( c o) — 0, i.e., c is a multiple root of Po(z), then p t (c t ) = 0. 

We say {pt} is almost Morse stable if (1), (3) hold, and Morse stable if (2) also holds. 

Example 5.5. Take K = R. For pt{x) = x 2 (x 2 + t 2 ) G R[x], is a critical point of po which 
splits into three critical points in C, one remains in R. Thus admits a unique continuous 
deformation c t = in R. But m crit (c t ) is not constant, is unstable. 

Proof. We use the " edging forward argument" to prove (15.31) . The Tschirnhausen transfor- 
mation is applied recursively along the edges of AfV^fa,^^) ("edging forward") in order to 
"clear" all dots of fa lying below MV^,^/^). If mi > 0, all dots to the left of the vertical 
edge Ei are also cleared. The details are as follows. 

Consider J\fV(<fi, 7^). The edges are denoted by Ei. The right vertex of E{ is (rrii,qi). 

Let us first compare AfV^cj),^^) with J\fV(fa, 7^,). Write 

fa(l<f + = 0(7* + + Pt{l4> + 0: P 0(l<P + = 0- 

The (non-zero) terms of P t are represented by dots. Some may lie below J\fV((f>, 7,/,). 

Suppose we already know that Pt(j^, + has no dot below the lines C(Ej), < j < k — 1. 
We can then clear the dots under the line C(E k ) as follows. 

The left vertex of E k -\ represents a term ay qk ^ mk of 0(7</,+£)> which, with a Tschirnhausen 
transformation, can "swallow" all dots of Pt of the form (m^ — 1, g), q G Q + . 

This means the following. There exists Pt{y) £ Mi, F- analytic in t, such that 

(1) O v (A(j/)) > tan0 fc _i,_A,(y) = 0; 

(2) The coefficient of £ mfc_1 in the Taylor expansion of 0(7^ + Pt + is independent of £. 
Indeed, 7^ + £ 1— > 74, + £ + /3 t is the unique translation (Tschirnhausen transformation) 

which has the above two properties. (Attention: No dot of 4>{l4> + has been swallowed in 
the process. In this way, we have Po — 0. This property is important.) 
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Now, consider MV{4>ti fit + l<t>)- Because of (1), E^j^) = Ej(j^, + j3 t ), j < k — 2, (we use 
Notation 15.21 ) and P t still has no dot below the line C(Ej), j < k — 1. 

Let -E^!, E' k ,..., denote the remaining edges of J\fV((f>t, 0t + l<f>)- By (1), &E k _ x = ®e' _ x - 

Next we show E k -i = E' k _ v Let V-\= {m'^q'j) denote the right vertex of Ej. 

Suppose E' k _ x ^ Ek-i- Then m' k < — 2. We shall derive a contradiction. 

For generic t G C, is a root of Pe' _ (z) of multiplicity m' k {m' k > 0), but when t = 0, 
the multiplicity is m^. Hence, by an elementary argument, there exists a(t) such that 

±P E ,Ja(t)) = 0, P su (a(t))^0, Kma(f)=0. 

Thus, by Theorem 15.31 0* has a critical point of the form 

T t (y):= [(3 t (y) + ^(y)] + [a(t)y e + ■■■}, e:=tan0 Sjfe _ r 

Hence h(T t ^ t ) = tan6 , j E fc _ 1 , L^iYt,^) = <lk + m^tan^ _ x , both are independent of i. 

Take /z^ G C^val^), fi^ ^ 7^. Then take E'j, c ^ 0, for as in (I5.2p with 7^ replacing a^. 
We say /z^ is of the lower kind if i < k — 1, and of the higher kind if i> k. 
If /x^ = 7^, we say /z^ is of the higher kind. 

Take £, sufficiently small. The e-neighborhood A/" £ (7</>) of 7^ clearly does not contain any 
fit/) of the lower kind. On the other hand, if \t\ is sufficiently small, then, by continuity, 
r ti<t>t G A4(7^)- Hence 7^ T t (/^) for any ^ of the lower kind. 

If /i^ is of the higher kind, then L(^) = L(T t (fi^)) > L(T t)lf>t ). Hence Y t ^ t ^ r t (/^) for 
any /i^ of the higher kind either. Thus we must have E' k _ 1 = E k _i. 

Next we show 9 E > = Ek . Suppose Q E > < 6 Ek . Then m' k+l < m k — 2, and there would exist 
a(t) as above. Using the same argument we again arrive at a contradiction. 

Hence the Tschirnhausen transformation £ 1— > £ + (3 t clears all dots of P t below C(Ek). 

A recursive application of the Tschirnhausen transformations, beginning with k — 1, clears 
all dots of P t below AfV((p, 7^). 

Let £ t— > £ + .Bf denote their composition. We then compare the polygons: 

A/>(°) : =A/>(0,70), A/> (1) :=A/'P(0 i ,70 + 5 i ), ATP (2) :=ArP(0 4 ,n( 7 0)). 

We have just proved J\fV {0) = MV {1) . Next we show J\fV {1) = J\fV {2) . 

We can assume B t = 0. This can be achieved by the substitution £ — > £ + B t (y). 

Let us write -Pfop(^) := P/ p(-2) + Qt(V)> Qo(^) = 0, where is a critical point of P^p(z). 
As t varies away from 0, this critical point cannot split into two or more critical points of 

Ptop{ z )- F° r if it did, the homeomorphism r t cannot exist. 

Hence admits a unique continuous deformation c t , c = 0, which is a critical point of 
Eto P \ z )> m crit(ct) = m P uis(co)- It follows that c t is a simple root of the equation 

j-^ p tll{ z ) = 0, m:= m crit (c ), 

and 

n(l^)(y) = l<j>(y) + c t y e , e: = tan^. 
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It follows that c t , Tt(7^)(y) are W-analytic. (The Implicit Function Theorem holds in F.) 
Let the Taylor expansion of <f> t at 7^ be c q k(t)y q ^ k . Then that at T t (j^) is 

Z^WK + = X) C *»(*)IW + •••], c = 0. (5.4) 

Consider P^, i < I — 2. Since e > tan#j, the terms in "H — •" are represented by dots 
lying strictly above all e\ . Hence = Ef\ i < I — 2. (See Notation 15. 21 ) 
Now we show P f g = P f ( ;J. (But not P^ = EQ.) 

First suppose Ptap(O) 7^ 0. The left vertex of Ej® = lies on the vertical coordinate 
axis. Hence P t ( >) ^ 0, P«(q) ^ (|t| small). But pg(0) = P«(c,), hence Pg = Pg. 
Suppose Ptop(0) = 0, i.e., is a multiple root. As = MV^\ we must have 

^ = 0, m crit (c t ) =m { = m puis (r t (7 )). 

Hence Pg> = Pg>, and A/"P (1) = AfV {2) . 

It is easy to see that Xpms( a </>) can be expressed in terms of the co-slopes of the edges of 
J\fV{4>,a^). It follows that Xpuis{rt{l^)) = X P uis{l^)- This completes the proof of flOD- 

Now assume <3> is Morse stable. We show {Pe^t*^))^)} is Morse stable. 

Take a critical point c of P E .^(z). Take /J as in (15. 2p . Consider //^, AfV((p, //^), etc.. 

Note that Pe^^z + c) = Pe-^^z) (differ merely by a translation). 

First, if Pb ]; ( 70 )(c) 7^ 0, then Pe^^O) 7^ 0. Hence Pj(/i</,) has its left vertex on the vertical 
axis, being a critical point of P Ei ^^(z). Then, as in the argument for 7^, admits a unique 
continuous deformation which is a critical point of PEi(T t (jj.j,){ z ) with constant multiplicity. 
This says that c is a stable critical point of PEi{Tt{-ys)){ z ) ■ 

Suppose Psj(7^)(c) = 0, say of multiplicity k. Then is a root of Pe^^z) , also of 
multiplicity k. Since J\fV(<fi, — jVP(0 t , Tt{p.<j>)), is obviously stable. Hence so is c. 

Now we show (2) in Definition 15.41 Let us write Pt(z) : = PE i (n('yd,))( z )- Let c 7^ c' be 
critical points of po(z). Take /i, // for Pj, c and c' respectively, /x^, //^ G Ciyal^). 
First, suppose po(c) = Pq(c') 7^ 0. In this case, 

hM = h W = 0(m - n'4) = tan0 Ej . 

Hence B(p, (j) ) = B(p,' (j) ), val^fi^) = val^(p!^). Then, by (j2T9|) . val ( j )t ( T t(^)) = val^ti^))- 
That is, (pt(ct), tan^) = (p t (c/),tan0 Bi ) G V. In particular, p t (c 4 ) = p t {c' t ). 

Suppose po(c) = Po(c') = 0. Then c, c' are multiple roots of po, and, as shown before, 
their deformations remain multiple roots of pt, Pt{ct) = Pt(c() = 0. 

By the same argument, if $ is almost Morse stable then so are the families (Pg^^^,))}. □ 

Corollary 5.6. Let Z($) := {(Q,t)) \ Q G Z((p t )}. There exists a bijection 
V : Z(<j>) x J F - Z(d>), (C,*) »— (Ct,*), Co = C, 

where t*-^ Q is ^-analytic; the Newton Polygon J\fV(4>t,Ct) is independent oft. 

Take (, (' G Z(<fi), 7^ G C{val^). Then O y {Q — Ct)> Oy((t — T t(l<j>)) are independent oft. 
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Proof. If C is a multiple root, £ = 7^, then = T t{.l<f>) is the deformation. 
Otherwise, we choose 7^ G Cival^) such that 

0(C-7«) >0(C-^), V/i^CK), (5.5) 
We then have ^(7^) = 0(C — 7^), and 

C(v) = iM + [by h ^ ] + ■■■}, P E (,,){b) = ^ P' EM (b)- 

(If P' E ^(b) = 0, then there would exist fi^ which fails (I5.5p .) Using the Implicit Function 
Theorem we can find (t, which is F-analytic, and 0(Q — ^(7^)) is constant. 

Given ('. Take 7^ as in (15. 5p . Then 0(^(7^) — ^(7^)) is constant, so is 0(( t — CD- D 

6. Relations Between Bars And Edges 

Take a bar B, h(B) < 00. Take (3 G G -B. Define Cb(|/) to be /3(y) with all terms y e 
deleted, e > h(B). Clearly, Cb(u) depends only on B, not on the choices of [3, 
Take an indeterminate z, and write 

(f) {C B {y) + zy^ B \y):=P B {z)y L ^ + ... , P B (z) ^ 0, (6.1) 

where £(£?) was defined in (12.61) . We call Pb{z) the associated polynomial of B. 

Let Z(Pb) denote the zero set of Pb{z). Using the canonical coordinates, we can identify 
B with C — Z(Pb). Hence B, the metric space completion of B, is a copy of C; and 

val^Uy) + zy h W) = (P B (z), L(B)) G V, z Z(P B ). 

Take a G Mi. If a(y) = Cb(?/) + ay h ( B ^ + • • • , a G C, we say B is a support of a; a is the 
B- coordinate of a, and also of a^. Observe that G B iff a (jL Z[P B ). 

Notation 6.1. Write a _L B if a is supported by B; Supp(a) := {B | a _L B}. 

Let a be given. We now define MV ex t(4>, a) by adding "vertex edges" to J\fV(4>, a). 
Take a vertex Vi = {rrii,qi) of AfV(4>,a), rrii > 1, representing a term cy qi ^ mi in (12. 3p . 
where c 7^ 0. Take h G Q + , tan#j_i < h < tan6*j. Let 

E{h):=(Vi,h), P E{h) (z):=cz m \ (6.2) 

We call E{h) a vertex edge and PE(h)( z ) the associated polynomial. The height, or co-slope, 
of -E(ft-) is, by definition, h(E(h)) := /i. 

Let AfV ext ((p, «) denote the edges {_E , £7-1} of AfV(4>, a) plus the vertex edges. 
Convention 6.2. For an edge E of MV{<p, a), h:= h(E) < 00, we also write E as E(h). 
Now we define 

L : Supp(a) — > AfV ex t{4>, a), B h-> i(5), 

where t(5) is the unique edge of height (co-slope) h(t(B)) = h(B). This is a bijection. 

Take 5 G Supp(a), h := /i(£>). Let c be the largest constant such that AfV(4>,a) is 
bounded below by the line £(/i) : u + v/h = c. Let i be the smallest integer such that 
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h < tan^.. If h = tan^., all dots on £j lie on C(h). If h < tan#£., Vi is the only vertex 
lying on C{h). In either case, we define i(B): = E{h). See FigJU CTT1 

The corresponding associated polynomials differ merely by a translation: 

Pb(z) = P t (B)(^ — a), a the P-coordinate of a. (6.3) 

7. Proof Of The Morse Stability Theorem over F 

Give B, h(B) < oo. Take ( G Z(4>), ( -L B. Let £ t be the deformation of ( in Corollary l5.6l 
Define B t to be the unique bar such that h(B t ) = h(B), Q -L P*. 

If C' G Z(0) and C' -L B, then O v (Ct - CO = °y(C - C) > h{B). Hence Supp{( t ), Supp(Ct) 
have the same set of bars of height < h(B). 

It follows that B t is well-defined {independent of the choice of (), 

V bar : Bsp(Mi^) x I F -> Ps^Mx x $ 7 F ), (P,t) ^ (P t ,t), 
is a homeomorphism, h(B t ) = h(B). 

Lemma 7.1. T7ie family {PB t {z)} is Morse stable (in the sense of Definition 5.4\ )- 

Proof. In AfV(4>, C), the left vertex of E top is (m;, qv), mi > 1, where m; is the multiplicity of 
C (as a root of 0). Therefore Pto P (0) = 0, degP top (2;) > 2, Pt op (z) is noi a monomial. 

Hence there exists c, P/ op (c) = / P top (c). By Theorem I5.3[ there exists 7 G C{val^), 
whose P-coordinate is c, P:= i _1 (B top ). Then c has a deformation c t , Co = c, 

r*(7^)(i/) = Cfl(y) + q/ (b) , Mvty,^) = AfrfaM-y*))- 

Let us compare the edge £*((*) of J\fV(<p t ,(t) with £4(7-4(7^,)) of NV{(j)uT t {^)). 

If i < Z - 2, then we clearly have £*((*) = £^(^(7^)). Hence P Bi(Ct) (z) = P Si(Tt(70)) (z). 

By the Fundamental Lemma, {P^Ot^))^)} is Morse stable. Hence if P' G Supp(() and 
/z(P') < tan# top , then {P B '(z)} is Morse stable. 

As for the top edges E top (( t ), £ top (77(70)), their associated polynomials differ merely by a 
translation z t— > z + c t — a t , where a t is the P-coordinate of Q. The stability of the latter 
implies that of the former. 

Finally, if h{B") > tan# top , then Pb"(z) is a monomial, hence Morse stable. □ 

Take P G Bsp(Mi i( p), and deformation B t . Recall that P = B t = C. Applying the classical 
Morse Stability Theorem ( CLOl) to {PB t }, we have homeomorphisms P>t, dt such that 



P 



A 



B t > ^ 

is commutative, where D t preserves the critical points and zeros (dt(0) = 0). 

Given G P, with P-coordinate a. Take a^t G P* whose Pi-coordinate is D t (a): 

a*(y) = Cb(v) + ay h{B \ a+M = CbM + D t (a)y h ^ . 
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Thus, we have a homeomorphism: 

£>$ : Mi^ x I ¥ -> Mi x $ J F , (a ,t) ^ (o^t). 

Next, take (u, L) eV, B e Bsp(M 1:(j) ), L = L(B) (< oo). We define 

V v {{u,L),B,t)):= ((d t (u),L),B t ,t). 
If h(B) = oo, then B = {(}, C e 2(0). We de/^ne 

Dv(0v,{C}^):= (0 V ,{Ct},*)- 
We then have ° VaZ^, = Val§ o 1)$. 
It remains to show that £>v preserve the structures. 
Take fi^. Take C G 2(0) such that h{^^) = 0(/i^ — C)- Then 

= 0(// - C) = 0(/ty,t - Ct) = fr(/ty,t)- 
Next, Xpuis(n<j>) and Xpuis(fi<p,t) can be expressed in terms of the co-slopes of the edges of 
J\fV(<p,() = NV{<t)t,(,t)- Hence Xpui»(p<i>) = X P uis(n<f>,t) ■ 

As for the contact order, first suppose /i^ ~6 ar i/^. Then there exists ( G Z(0), 

/i(^) = hfo) = O(/i0 - C) = 0(v+ - C), 

which remain valid when the parameter t is added. Hence Cordis, v<f) = Cordi^t, v <f>,t)- 
Now suppose B(nj>) ^ B{u^). Take ( _L 5(/^), (' J_ B[y^). Then 

Cardiff, ^) = 0(C - CO = 0(C* ~ Ct) = Cordis, ^,t)- 

8. The Trivialization Vector Field 

When a coordinate system (z 1; 2 n ) of C n is chosen, we use {^-, gf-} to denote the 
standard orthonormal basis, with hermitian product 

< — — , 6j — — >= dibi (bi the complex conjugate of hi). 

For a holomorphic function ■ ■■,z n ), the gradient of /i ([H], P-33) is 

Grarf /i := 7r--i~~- 

Let f{x, y), F(x, y, t), t , $, be as in §0 To prove the Equi-singular Deformation Theorem, 
we use a vector field T[x, y, t) which is defined in two steps, following Ehresmann's idea ([16]). 
where (x,y,t) G A/", M a sufficiently small neighborhood of {0} x Iq in C 2 x 7c. 

Step One. Take 7^ G C(val^), with deformation 7(3/, t) := t*(7^)(j/) as in (12. 8p . In i/ws 
step we assume j(y,t) is a holomorphic function in (y,t), 7(0, t) = 0. 
The curve-germ defined by a; = j(y,t) is smooth, t G Ic- 
We define J-j(x,y,t) as follows. The coordinate transformation 

£> : (x, i) h-> (x 7 , y 7 , £ 7 ) := (x - 7(3/, t), y, t) 
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is holomorphic, T* -1 transforms F(x,y,t) to 

F {l \x 1 ,y 1 ,t 1 ): = F(x,, +-f(y 1 ,t J ),y J ,t 1 ). (8.1) 

Convention 8.1. We shall use F x , F y , Ft to denote the partial derivatives of F^\ The 
notations are simpler, but cause no confusion. 

Now, consider the vector field 

-> d d d 

V (x 7 , ?/ 7 , t 7 ) .= A(x.y, ?/ 7 , ^i/^i'q^. B(x^, ?/ 7 , ^7)2/777^ ^ qT - ; 



where 

A-=- ^ _ ; . , 



x -yF Xj F tj B-= yj^EiEh ($2) 



and, by the Chain Rule, 



d d d d d'y d d d d^y d .„ „. 

+ ^^7-' 777" = ^7 + ^7^7-- ( 8 - 3 ) 



cte 7 9a; ' dy 1 dy dy dx ' <9t 7 <9t 9t cte 

The coefficients A, B are chosen so that < V ,Grad F >= 0. Hence V is tangent to the 
level surfaces F = const. (Here GradF:= F x ^-^- + F Vi -^- + F t ^-^-.) 

We have not defined when x 1 F Xi = y^F yj = 0. This we shall do in $91 
Using (18.31) we can express V as a vector field in the (x, t)-space: 

F^y^-^idVy^V), (8.4) 
which is tangent to F = const. Each trajectory (integral curve) lies on a single level surface. 

When x 1 = 0, the d/dx^ component of V vanishes, hence the flow generated by V carries 
the ?/ 7 -axis to itself (but not necessarily point- wise fixed). The flow generated by JF 7 , in the 
(x,y,t)- space, carries the curve-germ ir*(j(y, 0)) to ^(7(7/, t)) at time t. 

Step Two. We are to define T{x, y,t). Take 7^ G C(val^) in (12.71) . Take the deformation 
T t(lj,<f>) in (12.81) . Write the canonical coordinate simply as 

7i(y,*):=T t ( 7 ^)(y), 1 < j < p. (8.5) 

Take an integer N divisible by every rn puis {^j^), for instance, N := Ylj m puis{lj,4)- 
Consider the substitution map 

S XY : (X, Y, T) h- (x, y, t) := (X, Y N , T), (8.6) 
and the coordinate transformation 

X f .= X-Y 3 {Y,T), F,:=r, T f .= T, 

where rj(Y,T): = 7 J -(y Ar ,T) is holomorphic. Like (18.11) . we write 

F®(Xj, Yj, Tj) := F(Xj + V ; v . T/), 1 < j < p. 

Of course Xj = is smooth, and is mapped by S^y to 7^(7^), 1 < j < p. (The latter 
may not be mutually distinct: if ji^(y), 72,^(2/) are conjugates, then ^(71^) = ^(72^).) 
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Therefore, for each j, ^ (X, Y, T) is defined as in fj8.4j) . being the vector field 

-> d d d 

Vj^Xj, Yj, Tj) : -Aj(Xj, )). TjjXj-— - Bj(Xj, )). T^Yj— + 



OX, J ' 1 J J> ■'<))) ' <)T, 
expressed in terms of (X, Y, T), where, as in (18.21) . with Convention 18. 1\ 

XaFv Ft YaFv Ft 

. J A J 1 3 I ' • 1 . 



{XjF^ + lYjFy^ |^i^| 2 + \YjF Yj r 

Let us write X k := X x - ■ ■ X k -i ■ X k+1 ■ ■ ■ X p , and, for (X, Y) ^ (0, 0), define 



IX, 



12 



V k := , . - 1 , . - , l<k<p. (8.7) 



12 



|X 1 | 2 + --- + |x pl 
We call {V k } a partition of unity, for we have 

V k = 1, P fc = 1 when X k = 0, P fc = when X^ = 0, j ^ (8-8) 

The TVs are rea/ analytic at every (X, F) ^ (0, 0) in the sense of Convention ll.il 
Now we use the V k s to "patch up" the vectors Tvy 

v(X, Y, T) : = VxVi + ■■■ + VpV p (all expressed in X, Y, T), (8.9) 
and, using the differential oISxy of the substitution map Sxy, define 

f(x,y,t):=dS XY (v). (8.10) 

We must show T is well-defined, since Sxy is a many-to-one mapping. 

Let 6:= e 27rv/ ~ T / iV . A conjugation y^ N i— > Qiy x l N permutes the 7fc's, the X^'s and the TVs. 
Hence ^(X, Y, T) is invariant under these conjugations. It follows that JF is well-defined. 

We shall show, in £0 that T can be extended continuously throughout J\f, so that T{x, y, t) 
is well-defined in Af, tangent to F = const. Because of i \8.8L the flow generated by T carries 
the curve-germ ir*{yj{y, 0)) to 7r*('-fj(y,t)) at time t, 1 < j < p. 

Attention 8.2. It is important to point out what the above does not say. 

Take 7^. Of course there exists 7j(y) := lj,<j>{y) H such that F^^y)^, 0) = 0. Hence 

F x (x, y,0) = on the curve-germ A:= n*(yj(y))', A is called a "polar" of F(x,y,Q). 

Note that C orc i(A, ^(7^)) > Oyfaj^), and, in general, A 7^ 7r*(7j>)- Following the flow, 
A reaches A t at time £. T7ie above does not say A t is necessarily a polar of F(x,y,t). 

For example, the Pham family P(x,y,t) in ( 10. ip has only one polar when t = 0, but £u>c- 
polars when i 7^ 0. We have no idea whether the polar at t — will flow to one of the 
two polars, or more likely to neither. In the blurred space C*/p t , however, there is a unique 
critical point for each t 6 Jc; they constitute a single orbit of {^}. 

A critical point is an equivalence class in C* containing at least one polar. We see the 
critical point at all time t, but cannot keep track of the polars. (This is like the Arakawa in 
Japan, a river which flows by Saitama University. We see the river bed, but cannot predict 
the position of the flow, whence, literally, the name "Arakawa" -Wild River.) 
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9. Proof of the Equi-singular Deformation Theorem 

Recall that F is mini-regular in x. In a sector \y\ < e\x\, the behavior of F is dominated 
by x m , m:= 0(F). Hence there is nothing to worry about in this sector. 

We shall henceforth restrict our attention to a sector |x| < K\y\, K sufficiently large. 

Notation 9.1. In this section we write g < h if g < Ch, C > a constant; g ~ h means 
g < ft < g; and g <C h means g/h — > 0. 

Next we show how v in (18.91) and T in (18.101) generate homeomorphisms. 
The following is a parameterized version of the Proposition in [18], p. 347. 

Lemma 9.2. For F®(X jt Yj, T-) := F(Xj + Tj(Yj, Tj), Yf, Tj), we have 

\F T] \<\X 3 F X] \ + \Y 3 F Yj \, (X^Tj) e S&W, (9-1) 

where 1 < j < p, N as in £0 (We use Convention ( fg.il) : Fx 3 '■= F% , etc..) 

We can extend Aj, Bj real analytically to 5* X y(A^) — {0} x I c , where they are bounded. 
Define F(0, 0, t) :— ^. Then T is continuous on M , 

\\F(x, y, t) - d/dt\\ < \x\ + \y\, (x, y, t) e M, (9.2) 

and T is real analytic in M — {0} x Iq. 

It follows that a trajectory of T , with initial point outside Ic, will never reach Ic- 
The flow generated by T carries ^(7^^) to ^(^(7^^)), 1 < j ' < p. 

Proof. We use the Curve Selection Lemma to prove (19.11) . Let p(s) be a given analytic arc. 
It suffices to show that (19.11) holds along p. We can assume p(0) = 0. 

Take e' > 0, sufficiently small. For each pair r^Ts (in let df- s '— OyiXk — r s ). 

Define a horn neighborhood of of order dk s by 

H dhs (F k ):= {(X,Y,T)\\X -F k (Y,T)\ < e'\Y\ d ^}. (9.3) 

This is a sub-analytic set, hence either Im(p) — {0} C Hd ks (Tk) or Im(p) fl Hd kB (Tk) = 0- 

Let us first consider the case where Im(p) — {0} is contained in at least one of the horn 
neighborhoods. In this case, by permuting the indices, if necessary, we can assume H dl2 (Ti) 
is the smallest horn neighborhood containing Im(p) — {0}. 

We then work in the coordinate system (X 1; F^Tx), writing p(s) = (Xi(s),Yi(s),Ti(s)). 

Let p n (x):= (Xi(s),Yi(s)). We show (19. ip holds on the surface im^) x I c . 
Let us write 

FW(X U Y u TO := F (1) (X 1; Y 1 ) + P(X 1 , Y ± , 21), P(X U Y u 0) = 0. (9.4) 

By the Fundamental Lemma, HV(F^\ 0) = A/"P(F (1) , 0), all dots of P{X 1: Y 1 ,T l ) lie on 
or above this polygon. (Newton Polygon at is Newton Polygon in the usual sense.) 

Convention 9.3. Consider the vertex V\ = (mi,qi). Suppose mi = and h > tan# fop . In 
this section, we call the pair E(h) := (VJ, h) also a vertex edge, with co-slope h. 
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First, suppose Im(p) is not contained in X\ = 0. We write the coordinate of p n< c as 

p w (Yi) := rY x h + • • • , r^O, d 12 < h < oo. (9.5) 
And let E :— E(h) denote the unique (possibly vertex) edge with co-slope h. 
We first prove (19.11) for j = 1 . 

Assume E:= E{h) is a proper edge (i.e., not a vertex edge). 

In the first place we must have P' E (r) ^ 0. For if P' E {r) = 0, then, by Theorem I5.3[ there 
would exist Tj, j > 2, of the form 1^ = rY x h + ■ • • . Then H^iTx) would not be the smallest 
horn neighbourhood containing Im(p), a contradiction. 

Now we collect the monomial terms of F^ along E: 

W(Xx, Yx, Tx) :— ^ a pq (t)XfYf, (p,q) G E, (9.6) 

which is a weighted form, W(z, l,t) = P E (z). 

Take m ^ 0. Let t be fixed. By Euler's Theorem, X\ — uY x h is a common factor of X{W Xl 
and YxW Yl iff {X x - mF/ 1 ) 2 divides W{X U Y U T X ), i.e., P E {u) = P' E {u) = 0. 

Hence, if (P E (r), P' E (r)) ^ (0,0), then, along p n , 

Yl (\XxW Xl \ + \YxW Yl \) = Yl (\XxF Xl \ + \YxF Yl \) = q E + m B h, 

where (m E , q E ) is any dot on E. It follows that 

L\ Xl F Xl \+\YtF Yl \{p*) = q E + m E h. (9.7) 

All dots of F Tl lie on or above the line C(E), Yl (F Tl ) > q E + m E h, proving fl9.ll) . 

EE= (Vfc, h) is a vertex edge, then \YxF Yl \ « | r | m *|y 1 |» +m * h > \F Tl \. Again (JUTj) holds. 

Next we prove (19 .ip for the case j > 2. The coordinate systems are related by 

X j = X 1 -6 j (Y 1 ,T 1 ), Y J= Yx, Tj = Tx, (9.8) 

where Sj :=Tj — Tx (Sx = 0). Let us write 

8 j (Yx,Tx):=c j (Tx)Y 1 °^ ) + -- - , c,(0) + 0, 2 < j < p. (9.9) 

Note that 

and, by the Chain Rule, 

X,F Xj = (Xx - 6 S )F X „ YjF Yj = YxF Yl + Y 1 -^F Xl , F Tj = F Tl + ^-F Xl . (9.10) 

Now, if h > 0(Sj), then, along p n , \Xx — Sj\ ~ \Sj\. Hence (19.11) follows from 
\XjF x .\ + |^-Fy.| « I^-Fxj + lYiFyJ, |F r .| < \F Tl \ + \SjF Xl \, 
and (19.11) when j = 1 . 

Suppose /i < 0(5-,). Then \Xx — 5j\ ~ |Xi| along p„.. Again we have (19.11) . 
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Suppose Im(p) is contained in X x = 0. In this case F is divisible by X™ 1 , F Tl is divisible 
by X t , k > mi. Again, we have (19.11) . 

It remains to consider the case where no horn neighborhood contains Im(p) — {0}. We 
again write p v as (19.51) where now h < dj k V j, k. The same argument proves (19. ip . 

Next we show how Aj, Bj can be extended across S XY (J\f) — {0} x Ic. 

Lemma 9.4. The zero set of the denominator of Aj, Bj is 

({J{X k = Q\X% divides F}, 



{{X,Y,T)\XjF Xj =YjFy.=0} 



[^{0} if no such X k exists. 



Proof. Recall that we work in the sector \x\ < K\y\, hence 

Suppose Xj = F Yj = 0. In J\fV(F^\ Tj), which is independent of Tj, we must have mi > 2. 
Hence F is divisible by X?. 

Let p(s) be an analytic arc along which Fx- = Fy, = 0. Then Fx = Fy = along p. As 
before, we choose X 1 , define p n , F (Xi,Yi), etc., as in (19 ,4p . and then 

dF^ dF^ 

-dx7 = ^ = ° along p - 

Hence Im(p n ^c) must be X\ = (Ti = 0), X\ divides F , hence also F. □ 
We can now complete the proof of Lemma 19.21 

The real meromorphic functions Aj, Bj are bounded, by (19. ip . Hence, if n is the largest 
integer such that X% divides both XjF Xj and YjFy., then X% must also divides F Tj . 
It follows that Aj, Bj are defined and real analytic on S XY (N) ~ {0} x ^c- 

Hence T(x,y,t), with jF(0,0,t) := ^, is continuous in M, satisfying (19.21) . and is real 
analytic in Af — {0} x I c . 

Finally, VkX k = along every Xj = 0. Hence T carries 7T* (7^) to ^(^(7^)). □ 

Now, using a well-known argument (|12j), (19. 2p implies that T generates a homeomorphism 
H having properties (13.11) . (1) and (2) in the Equi-singular Deformation Theorem. 

Next we prove (3). Let p(s) = (x(s),y(s)) be a given analytic arc in the (x, y)-plane. 
Consider p( N \s) := (x(s N ), y(s N )). This arc can be lifted by Sxy to an analytic arc 

p XY {s):= (X(s),Y(s)), S X Yop xy =pW, 

where Y(s) is an integral power series in s obtained by solving Y N = y(s N ). (Of course, 
there are iV liftings of p^ to the (X, F)-space; in general, however, we cannot lift p.) 

Let us write Tj := Tj(Y, 0). By permuting the indices, if necessary, we can assume 
h:= Cor^Im^p^JmiY^) = ■■■ = C ord (Im(p XYC ), Im(T r )) 
> C ord (Im(p XYC ), Im(T r+i )), < i < p - r, 
where 1 < r < p, h/N = C OTd (Im(p c ), 77^(7^)), 1 < j < r. 
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There are now three cases to consider: (a) h/N < h(ji^), h < oo, (b) ^(71,0) < h/N < 00, 
and (c) h = 00, that is, Im(p c ) = 7T*(7i )( ^). 

— * 

Case (c) is easy: Im{p XYC ) is the Kx-axis, along which {7 = Vi is analytic, whence (3). 

Consider case (a). Let E:= E(h) be the unique edge in NV ex t{F^\ 0) of co-slope h. ( Of 
course, E can be a vertex edge (T4, h). In this case m e > 0, Pe{z) is a monomial.) 
As before, we work in the coordinate system (X^Y^T^. 
Take a coordinate of Im(p XYC ), 

p XY (Y 1 ):=u p Y l h + --- , Mp ^0. 

A coordinate of Im(p c ) is 

p(y) = Wy) + [«y / * + -]- 

As before, P' E {u p ) 7^ 0. (Same argument: otherwise, (19. lip would fail.) 
Now, let us first assume that h is an integer, so that the substitution map 

S uv : {u,v,t) i-> (Ai,Fi,Ti):= (uv h ,v,t), 

is holomorphic, where 

^ d d T _ d . d d d d . . 

X *dX[ = U M Fl ^ = - /lM ^ + ^' 521 = ft" (9 ' 12) 

We then define 

U(u,v,t) := (dSuv)' 1 ^). 
Question 9.5. At which (u,v,t) is U well-defined and real analytic? 
To answer this, we need a careful analysis of the denominator of Aj, Bf 

Df^lXjFxf + lYjFr.l 2 , 1 < j < p, 
and also that of Vk, when the substitution S uv is made. 
Lemma 9.6. Let L(E) := q E + m E h, (m E , q E ) EE. Then 

Dj(uv h ,v,t) =C J (u,t)v 2L(E) + ■■■ , l<j<r, (9.13) 

where Cj(u,t) is a polynomial in u, u, coefficients in t. 

For u + 0, Cj(u, t) = iffP E {u) = P' E {u) = 0. For any u, P' E (u) ^ implies Cj(u, t) ^ 0. 

(The coefficients of Pe{u) are functions of t. To say Pe{u) = P' E (u) = means that when 
t is fixed, u is a multiple root of Pe(z).) 

Proof. Consider the weighted form W(Xi,Yi,Ti) in (I9.6p . Let 

Wx(z,t):= W Xl (z,l,t), w 2 (z,t):= W Yl (z,l,t). 
Take j, 1 < j < r. By ( 19. lip . 0(<5j) > /i, 5j being defined in f)9.8p . Let us write 

|0 ifO(£,)>/i, 
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where Cj(t) is defined in (19.91) . We claim that (19.131) holds if we take 

Cj(u,t):= |(it - Cj(i))wi(u,t)\ 2 + \w 2 (u, t) + hdj(t)wi(u,t)\ 2 , 
which is of course a polynomial in u, u. Indeed, we have, as before, 

D 3 = \{X, - 5j)F Xl \ 2 + \YlF Yi + Y^/xA 2 , (9.14) 

whence the leading term of Dj(uv h ,v,t) is the above Cj(u,t). 

The Cj(t)'s are roots of Wi(z,t) = P' E (z). Hence Cj(u,t) = iff Wi(u,t) = w 2 (u,t) = 0. 

For u ^ 0, Wl = w 2 = iff {X 1 - uY^f divides W(Xi,Ki,Ti), i.e., P E {u) = P' E {u) = 0. 
But we already know P' E (0) = 0. Hence P' E {u) ^ implies u^O, Cj(u,t) ^ 0. □ 

Lemma 9.7. For r < j < p, we have 

Dj(uv h ,v,t) = (l + h^lc^w^t^v 21 ^- 11 ^ 5 ^ + ■■■ . (9.15) 

Hence if P E {u) ^ 0, then O v (Dj(uv h ,v,t)) = 2[L(E) -h + O y (5 3 )}. 
IfP E (u) ^ 0, then O v {D (uv h ,v,t)) < 2L(E). 

Proof. If j > r, then h > 0(5f) and hence 

uv h - 5j = -Cj(t)v°VA + ■■■ , Cj(0)^ 0. 

Then, as can be observed from (19.141) . the leading term of Dj is that of (19.151) . 
Next note that 

OS 

Dj « \5jF Xl \ 2 + \ v F Yl +v^-F Xl \ 2 « \5,F Xl \ 2 + \vF Yl \ 2 > \vF Yl \ 2 , 

and that O v (vFy 1 (uv r , v , t)) = L(E) if P E {u) ^ 0. This completes the proof. □ 

The Newton dots of Ft lie on or above the line C(E), hence the above lemmas imply that 
Aj o S uv , Bj o S uv are real analytic at (u, v, t) if P' E {u) ^ 0, 1 < j < p. 

Lemma 9.8. The denominator D-p :— \Xi\ 2 + ■ • • + \X P \ 2 ofVk has the form 

D v (uv h ,v,t) = c(u,t)v 2e + --- , e:= (r - l)h + E j>r O(5j), (9.16) 

where c(u,t) is a polynomial in u, u. 

If{P E {u),P E {u)) + (0,0) then c{u,t) ^ 0. 

Proof. For 1 < j < r, let us write 

/lj(u,t) '.— U Cj(t), p.j{u,t) := /Ji ■ ■ -fij-i ■ /Ij+l ■■ - fir- 

We can compute the X^s, 1 < k < p, using the formula 

h x j (u - c k (t))v h + ■ ■ ■ , if 1 < A; < r, 

UV — Oh = \ , x x 

\-c k (t)v°^ + ••• , ifr<A;<p, 
where c&(0) 7^ for r < k < p. For example, 

Xi = [(-iy- r Cr+1 (t)---c p (t)}(u-c 2 (t))---(u-c r (t))v e + -- - , 
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where e is defined in (I9.16p . The equations for the other X k s are similar. 
Then (19.161) holds when we take 

r 

c(u,t):= \c r+1 (t) ■ ■ -c p (t)\ 2 ■ IA?(M)| 2 - 

3=1 

If c(u,t) = 0, then all flj = 0, and there exist i, j, 1 < i < j < r, u — = Cj(t). This 
implies, in particular, that P' E {u) = 0. 

We claim this also implies Pe(u) = 0. Indeed, Cj(t) = &j(t) implies 0(7^ — 7^) > h/N. 
If Pe(u) 7^ 0, then h/N = h^i^) = h^j^), hence 7^ = 7^, a contradiction. □ 

The TVs are bounded. Hence Vk S uv are real analytic at (w, t) if (Pe(u), P' e {u)) 7^ (0, 0). 
Let J\f' be an open neighborhood of the w-axis such that (u, v) G Af' implies (uv r , v) G N '. 

Answer to Question 19.51 Take (uo,vo,to) G M' x Ic- If (uo,to) is not a root of P' E (u), 
then U(u,v,t) is defined and real analytic in a neighborhood of (uo,vo,t ) . 

Lemma 9.9. Given j , 1 < j < r. For (u,t) near (dj(t),t), 

\U(u,v,t)-^\ < \u-Cj(t)\ + \v\. (9.17) 

— * 

Moreover, U (u, 0, t) is tangent to the u-coordinate space, and 

\U(u,0,t)-^\<\u-Cj(t)\- ( 9 - 18 ) 

Proof. Let us first assume j = 1, where Ci(t) = 0. The notations are simpler. 
First, by fl9~T2|) . 

(dS^ivA) = -V x A x u— - V l B 1 {-hu— + v—) + Vi-, 

ou ou ov at 

where ViA\, V\B\ are bounded. 
For k, 2 < k < p, the identity 



v k x k — = {v^vrXkiXki- 1 }^ 



dX k 1 dX.\ 

and the Chain Rule (19. 12[) give 

(dS^y'iVkVk) = Au— + Bv— + — , 

ou ov Ot 

where A, B are bounded. 

Hence (I9.17P is true for j = 1. 

Now assume 1 < j < r. This case is actually the same as the case j = 1. For in (19. lip , 
the roles of Ti and Tj are interchangeable. When Tj replaces Ti, the leading coefficient Ck{t) 
of 5k in (19.91) is replaced by Ck{t) — Cj(t). The same argument completes the proof of (I9.17p . 

The component vanishes when v = 0. Hence U (u, 0, t) is tangent to the w-space. □ 
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We are now ready to complete the proof of (3) in the case (a). 

Recall that Jm(r 1 ) is the vertical axis X 1 = 0, and p XYC is defined by X 1 = u p Y^ + ■ ■ • , 
which lifts to p uv : u = u p + • ■ ■ . 

We know P' E (u p ) ^ 0. Hence the arc p uv lies in the domain where U is analytic. The 
flow carries p uv to an analytic arc, at least for a sufficiently short time. Hence the flow of v 
carries p XY to an analytic arc, at least for a short time. (Keep \v\ small, arcs short.) 

This is actually so for all t G Jc, not just for a short time. Indeed, using Lemma [9.9[ a 
well-known argument shows that a point on p uv , following the flow, will never reach a point 
where U is not analytic, whence the trajectory is defined for all t. 

The initial point (u p , 0, 0) of p uv remains in the w-coordinate space for all time, because 
U is tangent to the w-space. By (I9.18p . it will never reach Cj(t). 

Hence, downstairs, the geo-arc Im(p) is carried by the flow of T real analytically, sweeping 
out a "geo-arc wing" . This completes the proof of (3) in the ) when h G Z + . 

Suppose h:= N\/M\ G" Z + . We can make a further substitution Y\ \— > Y^ 1 . The vector 
field lifts, retaining the same form, h is magnified to N%. The same argument applies. 

Finally, consider case (b). This can be treated as a special case of (a), as follows. 

In AfV(cf), 71,0), E top has left vertex Vi = (0, <#), since /i(7i,^) < 00. We may call E:= (Vi,h) 
an " artificial vertex edge" , of co-slope h, with Lojasiewicz exponent L(E) := qi. 

Let Vi represent the term cy qi , c^0. The associated polynomial is Pe(z) '■— c. 

The above argument for the case (a) can then be repeated. It is actually easier. The 
lemmas remain true for the artificial vertex edge E, where now Pe{u) = c 7^ 0. 

This completes the proof of (3). 

We then use the same idea to prove (4)- 

Take a*/f G C*/y and a canonical coordinate ot^{y). We can assume 

h(a^) = Oyia^ - Ci) > O y (a <t> - Q), O y (a <j) - jxj) > O y (a <t> - 7^), (9.19) 
where Ci G Z(<p), 7^ G C(val^). 

We now repeat the argument in (3) to show ^(a*//) is well-defined. Let us write 

<*M ■= CM + [u y h( ^ } + •••], u ± 0, (9.20) 
where a*/f is completely determined by uq. (Terms in "+ • • ■ " play no role.) 

Here we have assumed that h(a ( f > ) < 00. (If = Ci, we can apply Corollary 15.61 ) 
Take an analytic arc p such that 7T*(p c ) G a*//. As in (3), we lift p to p XY , and analyze 
how p XY is being carried by v(X, Y, T) in (18.91) . 
This time we use the coordinate system: 

X c :^X-Ci{Y N ,T), Y C :=Y, T ? :=T, {y:=Y N ), 

where iV is divisible by m pu i S (a^) and m pu i S ((i). 

The substitution (X^,Y^):= (uv h ,v), h:= Nh(a<f,), lifts p XY to an analytic arc p uv in the 
(u, f)-space whose initial point is (uq, 0). 

As in (3), v is lifted to U ; p uv lies in the domain where U is real analytic. 
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Hence, following the flow of U for time t, p uv reaches an analytic arc, denoted by p UV j, 
with initial point (u t , 0, t), where u t is real analytic in t. 

An important observation is that (uq,0), and hence also (u t ,0,t), depend only on ct*/f, 
not on the choice of p. It follows that r) t (a*/f) is well-defined. 

(Note. Even if p, p have the same complexification, Im(p c ) = Im(p c ), the above argument 
does not prove that the geo-arcs Im(i] t o p), Im(r] t o p) lie on a same curve-germ. 

It merely shows that the curve-germs containing Im(f] t o p) and Im(f] t o p) are equivalent 
under ~p t . This is the "Arakawa phenomenon": only the blurred point is well- defined.) 

To complete the proof of (4), we need to know how to obtain AfV(f, a^) from J\fV(f, Ci)- 

If h(a ( f > ) = oo, the two polygons are identical. 

Assume /i(ct^) < oo (uo ^ 0) in (19.201) . Let {(mi,qi), ...,(mi,qi)} denote the vertices of 
J\fV(f,(i), where, of course, mi > 1. 

Take k (k < I) such that tan^-i < h^a^) < tan 6^. 

Let (0, q') be the left vertex of the edge E{h(a^)). (If tan6' fe _ 1 < h(a^) < tan# fc , then 
Eih^a^)) is a vertex edge.) The vertices of AfV(f, a^) are 

(mi,<7i), ... , (mk-i,qk-i), (0,</)> if tan0 fe _i = /i(a^), 
(mi,gi), (mi,qi), (0,q'), if tan0 fc _i < /t(a^). 

We can also obtain AfV(F t ,r} t (a*/f)) from AfV(F t ,(i,t) in the same way, since u t ^ 0. 
ByCorollaryEHweknow^(F t ,Ci, t ) =MP{f,&)- Hence AfV(F t , »&(«.//)) = ^(/» 
It follows that h(rj t (a*/f)), Xpuisijlti. 01 *^)) are constants. 

It remains to consider the contact order. From what we have proved, 
C or d{a*/f, 7r*(C»)) = Cor d (r] t (a*/f), 7r*(Ci,t)), e ^(^)- 
And, by Corollary EZU 

The same holds for /?*//. It follows that C or d(T]t((x*/f),Vt{l3*/f)) is independent of t. This 
completes the proof of (4). 

The vector field T is defined in such a way that (5) is true. 

Finally, suppose $ is Morse stable. Then (13.31) is a consequence of (12.91) . This completes 
the proof of the Equi-singular Deformation Theorem. 

To prove the Truncation Theorem, note that J\fV(f, a^) and AfV(u ■ f, a<p) have the same 
Newton dots, where u(0, 0) ^ 0. (The dots in the interior of the polygons may be different.) 

The monomial terms of AfV(u ■ f, a^) are those of NV{f ,oc^) multiplied by the same 
constant w(0,0). Hence the critical points C(val^) is unchanged when / is multiplied by a 
unit, F root is obviously Morse stable. Now apply the Equi-singular Deformation Theorem. 
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10. Appendix 1. The Stability Theorem 

The Classical Morse Stability Theorem. A Morse stable family {pt(x)}, as in Defini- 
tion 5.4\ X = IR, C, or ¥, admits a real-analytic trivialization. That is to say, there exist 
t- lev el preserving, real-analytic, homeomorphisms (deformations) T> and d, such that 

g 

X x I K ► X x I K 



V 



d 



Kx I K > X x J K 

is commutative, where d(0,t) = (Q,t), g(x,t):= (p (x),t), G(x,t): = (p t (x),t). 
(In the case X = C, moduli can appear, we cannot ask T>, d to be holomorphic.) 

Proof. The critical value set of G is, by definition, 

Vcrit(G) := {(v t , t) e X x I K I 3 a e X, p t (c t ) = 0,v t = p t (ct)}, 

and Ti : V cr i t {G) — > Ik is a fibration, {0} x J K is either disjoint from, or contained in, V cr u(G). 

Let us first consider the case X = M, which exposes the main ideas. Take a vector field 

s . . d d , . _ . 
v [x, t) := a{x, tj— — h — , a{x, t) analytic, 

which is defined on, and tangent to, V crit {G) U ({0} x 7 R ). 

Then, using Cartan's Theorem B, or the Lagrange Interpolation Formula, we can extend 
a(x, t) to a real analytic function defined for (x,t) £lx/ 8 . 

In other words, v(x, t) is now defined and real analytic on R x J K , tangent to V crit (G) and 
{0} x Jr. Integrating this vector field gives an analytic deformation 

(1:1x4^1x4, (x,t) ^ (x t ,t), 

such that d(V crit (g)) = V crit (G), and {0} x J R is fixed. 

Using d as an identification, we assume V crit (g) = V crit {G) ("straightening up" V crit {G)). 

Take c G C(po)> Po( c ) := u - Then c admits a unique continuous deformation c t in C(p t ), 
p t (c t ) = v, c = c. As m crit (c t ) is constant, q is necessarily rea/ analytic. Hence 

p t (x) —v = unit ■ (x - c t ) mcHt(c)+1 , (x, t) near (c t ,t), (10.1) 

Then ^ lifts to a unique real analytic vector field in M x 4 which generates T>. 

For the case X = C, we still have d, which is (merely) real analytic, and also (110.11) . where 
Ct is holomorphic in t. Thus admits a local real analytic lifting. By Cartan's Theorem B, 
a real analytic global lifting exists. This completes the proof. □ 
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11. Appendix 2. Tree Models 

The tree-model ( [13J ) is best explained by an example. Take </>(£) = (£ 2 — y 3 ) 2 — 4£y 5 . The 
Puiseux roots are 

Q(y) = ±y 3/2 ±y 7/4 + --- , i < • < 4. 

The tree- model is shown in Fig. [31 Tracing upward from the tree root to a tip along solid 
line segments amounts to identifying a Puiseux root. 

There are three bars, of height 3/2, 7/4, 7/4 respectively. Each is indicated by a horizontal 
line segment (whence the name); the associated polynomial has at least two distinct roots. 

At these heights, the <^'s split away from each other. Bars without this property are not 
indicated; they correspond to the vertex edges, Fig.HJ 

The three critical points (polars) jj are indicated by dashed lines; their positions relative 
to the Q are justified by Theorem 15. 3[ exposing the contact orders. 

The Newton Polygon AfV(cf), Q) is shown in Fig.Hl The dotted segments ex, e^, e^ indicate 
vertex edges, where 

h( ei ) < 3/2 < h(e 2 ) < 7/4 < h(e 3 ) < oo. 
Ci 72 C3 C2 73 C4 



4 4 
7i 



Figure 3. Tree Model M lt<t> Figure 4. MV{<j>, Q 
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